Scientific Research and Essays Vol. 7(2), pp. 128-133, 16 January, 2012

Available online at http://www.academicjournals.org/SRE
DOI: 10.5897/SRE10.1135
ISSN 1992-2248 ©2012 Academic Journals

Full Length Research Paper

A different approach to the set of fuzzy numbers

Danyal SOYBAS* and F. Berna BENLI

Department of Mathematics, Faculty of Education, Erciyes University, Kayseri — Turkey.

Accepted 10 June, 2011

In this paper, we showed that every element of the set F of all fuzzy numbers can be abstractly
considered as an element of the nonseparable and nonreflexive Banach algebra 9. Banach lattice
structure of J is also investigated according to a partial order we defined.
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INTRODUCTION

In order to study the control problems of complicate
systems and dealing with fuzzy information, Zadeh
(1965) introduced fuzzy set theory, describing fuzziness
mathematically for the first time. Then the study of
mathematics began to explore fuzziness, subsequently,
several authors have discussed various aspects of the
theory and applications of fuzzy sets such as fuzzy
topological spaces, similarity relations and fuzzy
orderings, fuzzy measures of fuzzy events, fuzzy
mathematical programming. Matloka (1986) introduced
bounded and covergent sequences of fuzzy numbers and
studied their some properties. Matloka (1986) also has
shown that every convergent sequence of fuzzy numbers
is bounded. Later on sequences of fuzzy numbers have
been discussed in the studies by Nanda (1989), Nuray
(1998), Kwon (2000), Savas (2000), Wu (2002), Bilgin
(2003), Aytar and Pehlivan (2006) and Tuncer and Benli
(2007).

Just one application amongst many other concepts
springing up as results of fuzziness, Dubois and Prade
(1978) introduced the notion of fuzzy numbers (fuzzy sets
with certain properties) and defined the basic operations
of addition, subtraction, multiplication, and division. A
slightly modified definition of fuzzy numbers was
presented by Goetschel and Voxman (1983). Some
other less restrictive definitions of fuzzy numbers can be
found in literature and there has been many studies on
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fuzzy numbers in different views such as their linear and
topological structures. We also refer the readers to some
recent studies concerning diference sequence spaces of
fuzzy numbers (Altin et al., 2007; Altinok et al, 2009;
Colak et al.,, 2009) and statistical summability (C,1) for
sequences of fuzzy real numbers (Altin et al., 2010).

In the present paper, we established a normed space
structure on the set F of all fuzzy numbers. Using the
customary vector space operations of Goetschel and
Voxman (1986), we constructed a nonseparable and
nonreflexive unital Banach algebra 9. That is, we
impose a norm on ¢ that satisfies multiplicative
inequality for the third operation which makes 7 a

Banach algebra. We reduce the norm of J on F. As a
result, we showed F can be considered to have a normed
algebra structure. Furthermore, in this study, it has been
shown that the space & is nonreflexive and it has
Banach lattice structure according to a partial order as
defined on the space . Although, Benli and Soybas
(2010) studied the set F of fuzzy numbers in a way
similar to the present study, Banach lattice structure with
a different norm is first regarded in this study.

MATERIALS AND METHODS

We now give the following definitions which will be needed in the
sequel. For the sake of both completeness and easy
comprehension we will give in the main results section of our study,
the following preparation which was first introduced by Goetschel



and Voxman (1986) as follows;

Let F be the set of all fuzzy numbers, that is, F is the set of all
functions U: IR — [0,1] with the following properties:

1. U is normal, i.e. there is a unique element X, L] IR such that

u(x,) =1
2. U is fuzzy convex, ie. for any A[0,1] and for any
X, YOIR,

u(Ax + (1= A)y) 2 min{u(x) , u{y)} (1)

3. U is upper semicontinuous;

4. the support of U, [u]° = closure{x OIR:u(x) >0}, is
compact.

We start by recalling the linear structure of the set F of all fuzzy
numbers as follows. For ULJF and 0 < @ <1, the & -level set

of Uis [u]” ={xOIR:u(X)=a}. itis wel known (Dubois
and Prade, 1980) that the O -level sets of a fuzzy number are

closed intervals or singletons, with [U]” O[u]? it a<fB. i
[U]a is an interval, we will write [U]a = [[u]‘f,[u]‘j’] f [U]a is

a singleton, we will use the same notation, with [U]f = [U]f For

any two fuzzy numbers U and V, the extension principle of Dubois
and Prade (1980) is used to define the sum U=+V. It can be
shown that this definition yields a fuzzy number whose @ -level

sets are:
[u+v]® =[[u]Z +[V]Z,[u]f +[V]{] @
Similarly, if ULJF and @alJIR the extension principle yields:

o _ AUl qulf],if a=0

[au] S _
[a[u]”,a[u]?], otherwise

(©)

However, if U and V are two fuzzy numbers, the product U []V
is a little more complicated. By the extension principle:

[uOv]” = {xy :x O[u]” and yD[v]”} @)
Thus, [U U V]a is an interval of the form [&, D], where,

a=min{u)?[vI?,[ul°[V]{ [ulSIvVI7 [l VIS } (5)

and

b = maxu]? [V, [l VIS [uS V7, [ul< VI | (6)

Suppose that U: IR — [0,1] is afuzzy setand for 0<r<1,
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define C, (u) by:

G (U):{{(X’r):u(x)zr}’ if 0<r<l

cl(suppu), ifr=0

Where Cl(SUPP U ) denotes the closure of the support of U.
Then it is easily established that U is a fuzzy number if and only if:

i) C (u) is a closed and bounded interval foreach I, 0<r<1,

i) Cl(u)iﬂ :

From this characterization of fuzzy numbers it can be seen from the
study of Goetschel and Voxman (1986), that a fuzzy number is

determined by the endpoints of the intervals Cr . Thus a fuzzy
number U can be identified with the parameterized couples:

{(an),b()0<r<l} ©)

Where &(I) denotes the left hand endpoint of C, (U) and b(r)

denotes the right hand endpoint. This leads to the following
characterization of a fuzzy number in terms of the two 'endpoint'

functions @ and D. Following theorem is due to R. Goetschel and
W. Voxman.

Theorem 2.1. (Goetschel and Voxman,1986) Suppose that
a]0,1] - IR and b{0,1] - IR satisfy the conditions:

i) A is a bounded increasing function,

ii) b is a bounded decreasing function,
iy a(<b(l),
iv) for O<k<1, lima(r) = a(k) and |im b(r) = b(k).

rok- rok”

v o limarn=a0) ad limb(r)=b(0) . Then

r-o"
u:lR - [0,1] defined by:

u(x) = sup{r ;a(nN< x< b(r)} @)

Is a fuzzy number with parameterization given by (7) . Moreover, if

u:lR - [0,1] is a fuzzy number with parameterization given
by (7) then the functions @ and b satisfy conditions (i)-(v).
Suppose that U,VLJF are fuzzy numbers represented by

(@), b())0<r <1} ans  {(c(r), AM)O<r<1} .

respectively. Then it is easily verified that the Dubois-Prade (1978)
definition of the addition of fuzzy numbers:

(U+V)(2) = max min(u(x), v(y)) ©)
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Is equivalent to the ‘vector
representations of U and V.

{@&r), b(n)0=<r<1} +{(c(r),d(r))0<sr<1}
={(a(r)+c(r), b(r)+d(r))0=<r<1}

addition of the parametric

(10)
In the sense that the parameterized couples on the right hand side
of (10) define a fuzzy number (as in (8)) that is equal to U +V

as defined by (9). To deal with subtraction Dubois and Prade
define the 'opposite’ of a fuzzy number U to be the fuzzy number
V where V(X) = U(-X)

In  parametric form, if u is

{(ar), b(N)0<r<1} hen V

number:

{(=b(r),—a(r)0=<r<1} (11)

Rather than take this approach it can be used the vector ‘opposite’
u.

represented by

corresponds to the fuzzy

of

{(-a(r), -b(r)):0<r<1}

(12)

~U |t should be noted that — Y is not a fuzzy

To represent
number.

For each fuzzy number U parameterized by:
{(&lr), b(r)0<r<1}

and each real number C, let the 'scalar' product cu be defined

by:

cu = { (Ca(r), cb(r)):O Sr< 1} . (13)

With this definition it is clear that if U is a fuzzy number, then:
-u=(-1u.

The family of parametric representations of members of F and the
parametric representations of their 'opposites' form subsets of the
vector space:

H (a(B(rP=r<1a]0,1H Rand{0,1H Rr dboundéghcti di

Where addition and scalar multiplication in & are defined by (10)

and (13). In addition, we define a product [1,on J as a third
operation, such that:

%0 %, =(a,(1)as (1), o () "
Where xlz(al(r),bl(r)) and xzz(az(r),bz(r)). We need

this third operation in order to investigate algebraic structure of g,

Taking the parametric representations into account, the set F of
all fuzzy numbers can be considered as a subset of the vector

space J in respect to the same operations of addition and scalar
multiplication.

RESULTS
We defined a norm on 9 in the next lemma.

Lemma 3.1: Let x:(a(r),b(r)) be an element of the
vector space . Then ||x||:wpmax{|a(r)|,|b(r)|}
Osr<1

defines a norm on 7.

proof. Let x=(a(r)b(r)) and y=(a,(r)b,(r)) be

given as two elements of the vector space 7.

b,(r)}=0- (@,(r)b,(r)) =0~ x=0

) [d=supmarfa,(r),

ii) For each tJIR we have ||t)<”= |t|||x||

iy X+ Y= supmaxdfa, (1) + 2, (1) Jo.(r) + b, (1)}
<supmax{a,(r) +[a, r by () o ()]

<supmaxfa, (1), o (r) }+ supmax{[a, (r) o, ()}

Osr<l <r<l

<|x+Iv

F can be considered as a subset of & in respect to an
addition and a scalar multiplication mentioned in the
preliminaries part. If we reduce this norm from & on F,
we have the norm of any element U as:

J an

Ju =sup maxc{[u?] fuiz
Osr<l

Following corollary can be given as an immediate
consequence of Hahn-Banach extention theorem.

Corollary 3.2: Let f:F - IR be a linear functional and
f(X)S”X” on F . Then there exist a linear functional
T9 -5 IR T(x)= f(x),(xOF) and

||T||op <1, where ||T||op means the operator norm of T .

such that



Lemma 3.3. Let A and B be two bounded sets of
nonnegative real numbers. Then the equality

sup(A B)ZSUpASUpB is satisfied, where
AB={ab:al AbOB}.

Theorem 3.4. The product [0 on ¢ satisfies the

multiplication inequality:

0| e
Whenever X;, X,

Proof. For an arbitrary O0<r <1 itis clear that:

mex{a, (r)a, (r) b (1o, (r I=maxfa, (e, () oy (), ()

Suppose that:

3 (e )l ). ).

Then we have:

max{[a, (r )|a (r ) Jby ()b, (r Y=l (r ), (r )
<max{a, (r }Jo,(r )} }max{|a, (r ) b, (r )}

By taking supremums of each sides of the inequality and
considering Lemma 3.3 we have:

[%0%[=](a,(r)a,(r )}y (r )b, (r )]
= supmax{la (r)a (1} b, (r )b, (r)}

:;%Emaxﬂal( e (r )b (r s (¢ )}

<sup max{|a1(r)|,|b1(r ]}ggmax{|a2(r)||b2(r)|}

Osrsl

<[l

Analogously, if |a1(r)||a2(r)|2|bl(r)||b2(r)| we have the

same inequality.

Theorem 3.5. & is a Banach space.

Proof. Let (Xn) be a Cauchy sequence in the normed

space o, where:
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Then for every £)0, there exists a natural number K
such that for every n,m=k the inequality ||Xn —Xm||<£ is

satisfied. Then for every n,m=k we have:

[(ay(r),(r))=(an(r )by (r) e

By definition of the norm:

a, (1) by (r)— b, (r) e

supmax|a,(r)-
O=sr<1

Hence we have

sup{|b, (r)-
O<r<1

afa,()-a,()ke  and

O=<r<l

b, ()| Ke -

Then for every I’D[O,l] we have |an(r)—am(r)|<£ and

|bn(r)—bm(r)|<£, therefore (a,(r)) and (b, (r)) are two
Cauchy sequences. Since R is complete, (an (r )) and
(b

n(r )) become two convergent sequences in R. Then

we have two real numbers & and b such that (an(r))
and (bn(r)) converge to @, and b, respectively.

Now we define a:l -~ IR and b:l - IR by a(r):a,
and b(r):br foreach r I .

Let an element X be defined by x:(a(r),b(r)). It is
clear that x[9. For each n,m=k:

Ix,~xl=spmac{a, r)-a, i, ()b}

<supmax{¢,£}=¢.
Osr<l
Hence, the sequence X, converges to X which means

& is a Banach space.

Theorem 3.6. (19,”[”]) is not separable.

Proof. Suppose that B is the collection of all fuzzy
functions with domain [0,1] that are indicator functions of

intervals of the form [0,s] where 0<S<1. Take

A=BxB. Then A is an uncountable subset of
such that:
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a,(r)} b, (r)-b,(r)}

fe-yi=spmada)-
=1 o

whenever x=(a,(r)bi(r)) and y=(a,(r)b,(r)) are

different members of A. Hence, B is not separable. It is
well known that every subset of an separable set is also

separable. Therefore, & is not separable.

Theorem 3.7. & is a unital Banach algebra.

Proof. As mentioned in the previous part, (z9,+,[)] is a

vector space. For all X;,X,,X; in & and every scalar &,
it is clear that:

) % 0(x, 0x)=(x 0%, )0x,

if) X1D(X2 +X3):(X1 L%, )+(X1 0 X3) and
(% %, )%, =(x, Ox, )+(x, Ox,)

iy al(x,0x,)=(alx)0x, =x0(alx,).

Then (z9,+,DD) is an algebra. This algebra clearly
becomes unital with its identity | :(1,1). With our norm
||[ﬂlz9 is Banach space by Theorem 3.5. By Theorem 3.4

, 7 becomes a Banach algebra.

Note that the product by (4) on F and the product by
(14) on 9 coincides on F .

A partial order on ¢ can be given by declaring that

(a,(r)b,(r))<(a,(r)b,(r)) when a(r)<ay(r) and
b (r)by(r).

Theorem 3.8. J is a Banach lattice.

proof. It x=(a,(r)b(r)),y=(a,(r)b,(r))0s and

X <Y then:

) (2, (r)y(r)) + (2 (r)os(r)) = (2, (r ), (r)) + (a3 (r s r))
whenever z= (ag(r) ( ))

i) tx<ty whenever t >0.

Hence J is an ordered vector space over IR. Since
every pair of elements of J has a least upper bound I

is a vector lattice. Let the absolute value of X be defined
by the formula |X| = x(=X). Since ||X|| s||y|| whenever

X, yd and |X|S|X|, & is a normed lattice. Since

is a Banach space with respect to our norm by Theorem
3.5, & is a Banach lattice.
Note that if we reduce the partial order, mentioned

above, onto the set F of all fuzzy numbers, we have, for
u,viF:

u<v iff [u]? <[v]? and [u]{ <[v]¢ forall a[0,1] .

Theorem 3.9. 7 is not reflexive.

Proof. Let A be the space defined as the cartesian
product A=I_xI_ Since |, is not reflexive, A is not

reflexive. Let ULJ A. Then, there exists u = (a, ) such
that a = (X,), 8 =(y,) Ol

. Lets define:

a(r)= {xn; r= %O;otherwise

by(r) ={yn: r

= 1O;otherwise
n

It is clear that x=(a,(r),b,(r)) 0. Hence, & contains a

closed subspace which is a isomorphic copy of A. Since
A is not reflexive, J is not reflexive.

DISCUSSION

As far as we are concerned, the set F of all fuzzy
numbers itself has not been investigated in respect to the
normed space construction apart from Benli and Soybas
(2010). One must not confuse the concept of fuzzy norm
(recall fuzzy normed spaces) with the concept of classical
norm which we define on the set F of all fuzzy numbers
itself. In this paper, we introduced a norm on F satisfying
the multiplicative inequality. Hence, we saw that the set F
of all fuzzy numbers becomes a normed algebra, which is
beyond our expectation of being just a normed space at
the beginning of the study. We also showed that J is
nonreflexive and it has Banach lattice structure. However,

we do not know whether F is closed in &. That is, we
do not know whether the Ilimit of any convergent
sequence of fuzzy numbers in respect to the norm we
defined in Lemma 3.1 has to be a fuzzy number. If this

was true, F would be a Banach subalgebra of & in



abstract mean. We expect that our result may provide a
useful example of normed algebra for analysists to solve
various problems in the field. For instance, we do not
know what the dual space of J with respect to the norm.

If the dual space of & could be determined, there would
be more points concerning the normed space contruction

of & to be focused. For example, the concept of weak

topology on the space 7 could be investigated, which
may be connected to geometric properties of the space
J (Grothendieck property or Dunford- Pettis property
and many other properties, see Diestel's book (1993)). It
is well-known that most geometric properties of Banach
spaces have been related to the concept of weak
convergence of certain bounded linear operators
Freedman and Ulger, 2000; Soybas and Argiin, 2006;
Ulger, 2001). From the point of view, for instance, we can
ask the question: Is every bounded linear operator from

the space ¢ to its dual weakly compact? To be able to
answer this question can be a focus for a different study.
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