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With respect to the multiple attribute group decision making problems in which the attribute weights are
unknown and the attribute values take the form of the intuitionistic linguistic humbers, an expanded
technique for order preference by similarity to ideal solution (TOPSIS) method is proposed. Firstly, the
definition of intuitionistic linguistic number and the operational laws are given and distance between
intuitionistic linguistic numbers is defined. Then, the attribute weights are determined based on the
‘maximizing deviation method’ and an extended TOPSIS method is developed to rank the alternatives.
Finally, an illustrative example is given to verify the developed approach and to demonstrate its

practicality and effectiveness.
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INTRODUCTION

There are many multi-criteria decision-making (MCDM)
problems in real-life. Since the ambiguity of people's
thinking and the complexity of objective things, most of
these MCDM problems are called fuzzy multiple criteria
decision-making (FMCDM) problems in which the ratings
and the weights of these criteria are usually expressed by
linguistic terms, fuzzy numbers or intuition fuzzy numbers
(Atanassov, 1986, 1989; Ding and Chou, 2011; Liu, 2011;
Liu and Su, 2010; Liu and Wang, 2011; Liu and Zhang,
2010, 2011a, 2011b; Liu et al., 2011; Paksoy et al., 2010;
Wei, 2010; Xu, 2007). The intuitionistic fuzzy set (IFS)
can deal with fuzzy information considering both the
membership and non-membership of information. So,
after its definition was given by Atanassov (1986, 1989),
the intuitionistic fuzzy set theory has been developed
rapidly, its theory and method have been widely
considered from researchers. Later, Atanassov and
Gargov (1989) and Atanassov (1994) further introduced
the interval-valued intuitionistic fuzzy set (IVIFS) which is
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a generalization of the IFS. The fundamental
characteristic of the IVIFS is that the values of its
membership function and non-membership function are
intervals rather than crisp numbers. Xu (2007)
investigated the interval-valued intuitionistic fuzzy MADM
with the information about attribute weights are
incompletely known or completely unknown, a method
based on the ideal solution was proposed. Wang (2006)
investigated the interval-valued intuitionistic fuzzy MADM
with incompletely known weight information. A nonlinear
programming model is developed, and ranking is
performed through the comparison of the distances
between the alternatives and idea/anti-idea alternative.
Shu et al. (2006) gave the definition and operational
laws of intuitionistic triangular fuzzy number and
proposed an algorithm of the intuitionistic fuzzy fault-tree
analysis. Zhang and Liu (2010) used the triangular fuzzy
number to denote the membership degree and the non-
membership degree and proposed the triangular
intuitionistic fuzzy number, then the weighted arithmetic
averaging operator and the weighted arithmetic average
operator was defined and an approach to multiple
attribute group decision making (MAGDM) with triangular
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intuitionistic fuzzy information was developed. Wang
(2008) gave the definition of intuitionistic trapezoidal
fuzzy number and interval intuitionistic trapezoidal fuzzy
number. Wang and Zhang (2008) gave the definition of
expected values of intuitionistic trapezoidal fuzzy number
and proposed the programming method of multi-criteria
decision-making based on intuitionistic trapezoidal fuzzy
number with incomplete certain information. Wang and
Zhang (2009a) developed the Hamming distance of
intuitionistic trapezoidal fuzzy numbers and intuitionistic
trapezoidal fuzzy weighted arithmetic averaging
(ITFWAA) operator, then proposed multi-criteria decision-
making method with incomplete certain information based
on intuitionistic trapezoidal fuzzy number. Wang and
Zhang (2009b) proposed some aggregation operators,
including intuitionistic trapezoidal fuzzy weighted
arithmetic averaging operator and weighted geometric
averaging operator and defined expected values of
intuitionistic  trapezoidal fuzzy number. Based on
expected values, score function and accuracy function of
intuitionitsic trapezoidal fuzzy numbers were defined and
a ranking of the whole alternative set can be attained.
Wan and Dong (2010) proposed the expectation and
expectant score by the coordinates of gravity center of
intuitionistic trapezoidal fuzzy number, and defined
ordered weighted aggregation operator and hybrid
aggregation operator for intuitionistic trapezoidal fuzzy
numbers.

Finally, the results of group decision making were
presented according to the expectation and expectant
score. Wei (2010) proposed some aggregation operators
including intuitionistic trapezoidal fuzzy ordered weighted
averaging (ITFOWA) operator and intuitionistic
trapezoidal fuzzy hybrid aggregation (ITFHA) operator
and developed an approach to multiple attribute group
decision making (MAGDM) with intuitionistic trapezoidal
fuzzy information. However, intuitionistic fuzzy set,
interval intuitionistic fuzzy set and fuzzy number
intuitionistic fuzzy set can only roughly represent criteria’s
membership and non-membership to a particular
concept, such as "good" and "bad", etc, they all have a
great limitation (Wang and Li, 2009). At the same time, for
people’s decision-making process, sometimes it is difficult
to give attribute values by quantitative measurement,
especially for membership and non-membership degrees
of the intuitionistic fuzzy sets and the fuzzy number
intuitionistic fuzzy sets to give their quantitative data is
difficult while to give linguistic assessment values is easy.
However, for a linguistic assessment value, it usually
implicit that membership degree is 1, the non-
membership degree and hesitation degree of decision
makers can not be expressed. On the basis of the
intuitionistic fuzzy sets and linguistic assessment sets,
Wang and Li (2009) proposed intuitionistic linguistic sets,
intuitionistic  linguistic numbers, intuitionistic  two-
semantics and the Hamming distance between two
intuitionistic two-semantics and rank the alternatives by

calculating the comprehensive membership degree to the
ideal solution for each alternative. Intuitionistic linguistic
set has a great theoretical significance and value of
applications, for being able to represents the membership
and non-membership.

As the research on intuitionistic linguistic set and its
application to group decision making are relatively little,
this paper defined the operational laws of the intuitionistic
linguistic numbers, gave the approach for computing the
attribute weights based on the ‘maximizing deviation
method’ and an expanded TOPSIS method to rank the
alternatives.

PRELIMINARIES
The intuitionistic fuzzy set

Definition 1

Let X ={x,,x,,~-,x, } be a universe of discourse, then
a fuzzy setis:

A={<xu,(x)>xe X} (1)

Which is characterized by membership function pn
u,: X —[0,1], where u,(x) p indicates the

membership degree of the element x to the set A
(Zadeh, 1965). Atanassov (1986, 1989) extended the
fuzzy set to the IFS and defined it as follows:

Definition 2
AnIFSA inX isgiven by:

A={<xu,(x),v,(x)>xe X} 2

Whereu, : X —[0,1]Jandv, : X —[0,1], with  the
conditonO<u/ x )+v,(x)<1,Vxe X . The numbers
u,(x) and v,(x)represent, respectively, the

membership degree and non-membership degree of the
element xto the setA .

For each IFS A inX, ifr(x)=1-u,(x)—v,(x) ,
Vxe X, then 7x(x)is called the degree of

indeterminacy of x to the set A (Atanassov, 1986; 1989).
It is obvious thatO<7z(x)<1,Vxe X. Let

A={<x,u,(x),v,(x)>xe X}and
B={<x,u,(x),vy(x)>xe X}be two IFS in the set
X andn =0, then the operations of IFSs are defined as



follows (Atanassov, 1986; Xu, 2007):

A+B={<x,u, () +15(x) =1, (uz(x), v, (X)v,(x) >x€ X} (3)
AB={<x,u, ()uy(x),v,(X)+v,(0) =, (X, (x) >xe X} (4)
nA={<x,1-(1-u,(x))",(v,(x)" >xe X} (5)

A" ={<x,(u,(x)",1-(1-v,(x))" >xe X} (6)

The linguistic set and its extension

Suppose that S =(s,,s,,"-,s,) is a finite and totally

ordered discrete term set, where [ is the odd value. In
real situation, / is equal to 3, 5, 7, 9 etc. For example,
when/ =7, a set .S could be given as follows:

S =(5,,5,,55,58,,55,8,5,) = {very poor, poor, slightly
poor, fair, slightly good, good, very good}.

Usually, for any linguistic set S , it requires that s; and S

must satisfy the following additional characteristics

(Herrera et al., 1996; Herrera and Herrera-Viedma,

2000):

1) The set is ordered:s; <'s, if and only if i<7j;

2) There is the negation operator: neg(s,) =s,_;;

3) Maximum operator: max( s,,s ;) = s, ,if {2 j;
)

4) Minimum operator:min(sl.,sj) =5 ,ifi<J;

For any linguistic setS =(s,,s,,::-,s,), the relationship
between the elements, and its subscript iis strictly

monotone increasing (Herrera et al., 1996; Xu, 2006), so
the function can be defined as follows:

Jris=r@)

Obviously, the function f(i)is the strictly monotone

increasing function about subscript i. To preserve all the
given information, the discrete linguistic label

S =(s,,5,,":,5,)is extended to a continuous linguistic

label S = {s, | e R}which satisfied the aforementioned

characteristics. The operations are defined as follows
(Xu, 2006):

Bs, = S Bxi 7)
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5, Ds; =5, (8)
5,15, =5, 9)
(s,) = s, (10)
As; ®s,)=As, ® s, (11)
(ﬁ'|+ﬂz)§i :ﬁ'lsi@ﬂzsi (12)
The intuitionistic linguistic set (ILS)
Definition 3
AnILS A in X is given by Wang and Li (2009):
A={< Ay, 14, (0,v, (] > x€ X (13)

Whereh, €S,  u,:X —[0,1]andv,: X —[0,1],
with the conditionO<u( x }+v,(x)<1,Vxe X . The

numbers u,(x) and v,(x)represent, respectively, the
membership degree and non-membership degree of the
element x to linguistic index A,

For each ILSA inX, ifz(x)=1-u,(x)—v,(x),
Vxe X, then 7x(x)is
indeterminacy of x to linguistic index A,
that0<7z(x)<1,Vxe X .

(x)*

called the degree of

(v - Itis obvious

Definition 4

Let A={< x{y,, (10, (),v,(x)]> x€ X} be ILS, the

group <My > (1, (), v, (X)) >is

intuitionistic linguistic number and A can also be viewed
as a collection of the intuitionistic linguistic number. So, it
can also be expressed as (Wang and Li, 2009):

A={<y ., (1, (x),v,(x) 3 xe X}

ternary called an

In addition, 7,(x) =1-u,(x)—v,(x) represents the
degree of indeterminacy, and it can also be called the
intuitionistic linguistic fuzzy degree.

Let a, =< sg(al),(u(al),v(al)) >and
d, =< Sy, (W(a,),v(a,)) >be two IL sets and 120,

then the operations of ILS are defined as follows (Wang
and Li, 2009):



4128 Sci. Res. Essays

a4+, =< Sy ys00a)» (1= (= u(a))(A - u(ay)), v(a)(a,)) > (14)

&, ®d, =< S5, g0 (U(a)u(ay), v(a) +v(ay) —v(a)v(a,))> (15)

Ady =< S0 (1= (1= u(a))", (v(a))*) > (16)
a" =<5y, 0 (@), 1=(1-v(@)") > (17)
Theorem 1

For any two intuitionistic numbers

a, =< Sy, W(a,),v(q,)) >and

linguistic

a, =< $y,,,-(w(a,),v(a,)) >, it can be proved the
calculation ‘rules’ shown as follows:

a +a,=a,+a, (18)
4, ®ad,=d,®4q, (19)
AMa, +a,) = Ad, + Ad,, A >0 (20)
Ad,+ Ady = (A +4,)a,, 4,4 20 (21)
a®a* = (@)=, 1,4, =0 (22)
a'®a," =G ®a)", 4,=0 (23)

The distance between two intuitionistic linguistic
numbers

Definition 5

Let a; =< Sy, - (U(a,),v(a))) >
a, =< slg(%),(u(az),v(a2 )) >be intuitionistic linguistic
numbers, d(a,,a,) is called the distance between ¢,

and a,:

d(dl’dl) =0 (24)
d(a,,a,)=d(a,,a,) (25)
d(dl’d2)+d(d2’d3)Zd(dl’dS) (26)
Proof

For Formula 24 and 25, obviously, they are right. For

Formula 26:

da,a,)+d(a,,a,)

=|8a)ua)-a (@) HAa )W a)-Ba)Ma ) +Ea)ma)-0a)ma,)
HAaula)~Aa)ia)| +HAa Ma)-8a)Ma)|HAa)m(a)-0a)ma,)
>|Aau(a)—Aa,)ula,) HAa)Wa)—Ba)Wa,)| HEa)ma)-0a,)ma)

=d(a,a;)

So, d(a,,a,)+d(a,,a,)=d(a,,a,) .

TOPSIS METHOD FOR GROUP DECISION MAKING
BASED ON INTUITIONISTIC LINGUISTIC NUMBERS

In a decision problem, let E ={el,e2,-~-,el,} be a set of
experts, A = (A, A,,---,A, ) be a discrete set of

alternatives, C =(C,,C,,---,C,)be the set of attributes,

W =(w,,w,,---,w,)" be the weighting vector of the

attributes, z w; = 1, w; 2 0, 0] is unknown.

Jj=1

ﬂ:(ﬂl’ﬂ'z"'Wﬂp)

p ~
experts, ¥ A =1. Suppose that R" =| #* is the
k U dmxn

k=1

is the weighting vector of the

‘o . ~k _ [ k
decision matrix, where 7; —<aij,(uljk,vijk )>takes the

form of the intuitionistic linguistic number, given by the
decision makere,, for alternative A with respect to

attribute C;, and0 <u, <1,0<v, <lu, +v, <1,

ijk

a(fq,@)%dq)b(q)—dca)b(ceiﬂdq)»(q)—dce)\(cgqu)f(q)—dcg)f(cg ai'; € S . The steps of ranking the alternatives based on

Theorem 2

For any intuitionistic linguistic numbers: a,, a, and a,:

these conditions are shown as follows:

Step 1: Make integrated matrix

Integrate the matrix R* = [f.f‘] given by decision
mXn

Y



maker e, into the integrated matrix R = [f;j} :
mxn

Step 2: Calculate attribute weights

The maximizing deviation method is proposed by Wang
(1998) to deal with MADM problems with numerical
information. For a MADM problem, if the attribute values
of each alternative have little differences under an
attribute, it shows that such an attribute plays a small
important role in the priority procedure. Contrariwise, if
some attribute makes the attribute values among all the
alternatives have obvious differences, such an attribute
plays an important role in choosing the best alternative.
So to the view of sorting the alternatives, if one attribute
has similar attribute values across alternatives, it should
be assigned a small weight; otherwise, the attribute which
makes larger deviations should be evaluated a bigger
weight, in spite of the degree of its own importance.
Especially, if the attribute values of all alternatives are all
equal with respect to a given attribute, then such an
attribute will be judged unimportant by most decision
makers. In other word, such an attribute should be
assigned a very small weight. Wang (1998) suggests that
zero weight should be assigned to the corresponding

attribute. For the attributeCj, the deviation values of

alternative A. to all the other alternatives can be defined

as D;(w;) = Zd(y’rzj)sz then
Dj(wj>=2 MUBES sz( P, 0,)w;  represents
i=1 i=1 I=1

the total deviation values of all alternatives to the other
alternatives for the attribute C IE

D(w )= ZD (w )= ZZZCZ( U,rlj)wj represents

j=l i=l I=1l
the deV|at|on of all attributes to all alternatives. The
optimize model is constructed as follows:

n m m

max D(W )= Zzzd( IJ’r/J)Wj

j=1 i=l [=1 (28)
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We can get:

22 MJ
Ry

Furthermore, we can get the normalized attribute weight
based on this model:

()

ZZZd< 7))

j=l =1 I=1

Step 3: Use TOPSIS method to rank the alternatives

TOPSIS (technique for order preference by similarity to ideal
solution) is proposed by Hwang and Yoon (1981), and it is a popular
approach to MCDM problems. The basic principle is that the chosen
alternative should have the shortest distance from the positive ideal
solution and the farthest distance from the negative ideal solution.

1) Make the weighted matrix:

Wiy Wolhy, o WL,
~ Wi, Wl ... W
= _ 1721 2722 n'2n
Y = (yij)mxn - (30)
_erml W2rm2 Wnrmn_

Where,

Yy :<bij’(”z/’v )>

2) Determine the Ideal solution and negative ideal solution:

¥ =<s,,(1,0) >
{ Lo i=1,2,-n (31)

7 =<5,,(0,1) >

3) Calculate the distance between the alternative Al. and Ideal
solution/negative ideal solution.

The distance between the alternative Al. and ideal solution/negative
ideal solution is:
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Table 1. Decision Matrix 1.

Parameters (C) (C) (C) (C)
A1 (55,(02,0.7)) (5,,(04,0.6))1 (55,(0.5,0.5) (s5,(0.2,0.6))
A2 (5,,(04,06)) (55,(04,0.5) (54,(0.1,0.8)) (s,.(0.5,0.5))
A3 (55,(02,0.7)) (5,.(02,0.7)) (5,.(0.3,0.7)) (5,(0.2,0.7))
A4 (54,(0504)) (5,,(02,0.8)) (55,(0.2,0.6)) (54,(0.3,0.6))
Table 2. Decision Matrix 2.
Parameters () (C) (C) (C)
Af (5,,0.10.7))  (55,(02,0.7)) (55,(0.2,0.8)) (54.(0.4,0.5))
A2 (55,(04,0.5) (54,(03,06)) (5,,(02,06)) (s5,(0.2,0.7))
A3 (5,.(02,0.6)) (5,.(02,0.7)) (s5,.(04,0.6)) (5,,(0.3,0.7))
¥ (55,(0.3,0.6)) (5,.(04,0.5) (s5,,(03,06)) (s,.(0.2,0.6))
Table 3. Decision Matrix 3.
Parameters () (C) (C) (C)
Af (55,(02,0.6)) (5,,(0.3,07)) (5,,(04,0.5) (s,,(0.2,0.7))
A2 (5,,(03,07) (55,(0.3,0.6)) (5,,(0.1,0.8)) (s,,(0.4,0.6))
A3 (5,,002,0.7)) (55.,0.3,0.6)) (s,,(0.1,0.8)) (s,.,(0.2,0.7))
A4 (5,,(02,0.7)) (s5,,(0.,0.7)) (5,.,(0.3,0.6)) (s5,(0.4,0.5))
) Getlate hereatve closeness costiarent capabilty of onterprses, cvaluping ndcaters metuang: abiy o
C - d+d+d_ o2 o resources into innovaton (C,), innovation management(C,),

5) Rank the alternatives.

Utilize the relative closeness coefficient to rank the alternatives. The
smaller Cl. is the better alternative is.

EXAMPLE

There are 4 companies (alternatives) {AI,AZ,A3,A4} . Evaluate

innovativeness(C3)and research and development capabilities

(C,). {e.e,,e;}is the set of experts. A =(0.4,0.32,0.28)

is the weighting vector of the experts. The evaluations of the 4
companies by the experts are listed in Tables 1 to 3.

The decision steps

1) Utilize the aggregation operator to integrate the matrix

Rk - [R: j|m><n

, getting the integrated matrix:



< 8,4.(0273,0670) >

R=

2) Calculate attribute weights according to Formula 29, we can get:

W =(0.191,0.294,0.238,0.277)"

<Sy505-(0.780,0926) > <5, 4, (0.666,0.884) >
P Sy (0.775,0904) > <5,,,,,(0672,0.842) >
<Spee0-(0791,0929) > <5, 56, (0.650,0.889) >
< Sy (0.811L,0.887) > <5055, (0.774,0.886) >

§T=<s,,(1,0)>

5, =<5,(0,1) >
5) Calculate the distance between the alternative Al. and ideal
solution/negative ideal solution according to Formula 32, we can

get:

d’ =35.54504,d; =35.76206,d; =35.8979,d; =35.46698

d; =6.772948,d, = 6.869806,d; =7.28789,d, = 6.734347

6) Calculate the relative closeness coefficient according to Formula
33, we can get:

C,=0.839951,C, = 0.838858,C, = 0.831243,C, = 0.840423

From the aforementioned, we can getC, >C, >C, > C;, so
the order of the alternatives is A3 = A2 > A1 > A4.

RESULTS

In this paper, we firstly defined the distance between

intuitionistic  linguistic numbers, and proved its
effectiveness, and then we gave a method for
determining the weight based on the maximizing

deviation principle and the distance formula which
expanded the traditional maximizing deviation method to
the intuitionistic linguistic numbers. Then we gave the
definition of the ideal solution and negative ideal solution
in the intuitionistic linguistic numbers for the multiple
attribute decision making problems and then we gave the
expanded TOPSIS method to rank the alternatives.

<s,,,(0251,0.658) >
<5,1,(0264,0591)> <s,...(0.258,0.558) >
<854,(0.293,0.600) > <35, ,,(0.231,0.670) >
<5,4,(0335,0533)> <s,,,,(0418,0663)>
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<8,4,(0204,0581)> <s,,,,(0.319,0.591)>
<8,0,,(0360,0.730)> <, ,,(0.204,0.586) >
<5,5,,(0429,069)> <s,,(0.308,0.700) >
< 5y06,(0243,0600)> <, ,(0.191,0.570) >

3) Calculate the weighted matrix, we can get:
4) Determine the ideal solution and negative ideal solution
according to Formula 31:

<S5 (0.685,0879) > <5, ,,(0.729,0.865) >
<S8yps» (0784,0928)> <5, ,,,(0.644,0.863) >

<Syor3-(0.817,0916)> <, ,..,(0.722,0.906) >
<8060 (0714’ 0885) > <S55 (0633, 0856) >

Finally, we verified the developed approach by an
illustrative example.

DISCUSSION

In order to further illustrate the effectiveness of the
method proposed in this paper, we compare with method
proposed by Wang and Li (2009) and we get the same
order for the alternatives by using attribute weights
calculated in this paper , it is A3>A2>A1>A4.The
attribute values of the two methods take the form of the
intuitionistic linguistic numbers, but the method in this
paper can deal with the decision making problems in
which attribute weights are unknown and method
proposed by Wang and Li (2009) can only solve decision
making problems in which attribute weights are real
numbers. In addition, the method proposed in this paper
is simpler.

Conclusion

An intuitionistic linguistic number is a generalization of
intuitionistic fuzzy number and linguistic variables. This
paper extends a linguistic variable to an intuitionistic
linguistic number by defining the membership and non-
membership of a linguistic variable. Then the operational
laws of the intuitionistic linguistic numbers are given and
the maximizing deviation method is used to calculate the
attribute weights and the TOPSIS method is extended to
rank the alternatives. Finally, an illustrative example has
been given to show the steps of the developed method. It
shows that this method is simple and easy to understand
and it constantly enriches and develops the theory and
method of MAGDM and proposed a new idea for solving
the MAGDM problems. In the future, we shall continue
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working in the extension and application of the method.
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