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The purpose of this study was to estimate the decreasing effects of diffracted wave fields in-and around 
selected harbours (Kashima and Soma Harbours) including the region of outer breakwater, when a 
navigation channel is dredged at the vicinity of the harbour entrance. The wave field in the problem is 
considered to be in a two dimensional plane, and the configuration of the submarine pit breakwater in 
the sea bed is designated by a single rectangular type. The numerical simulation is performed by using 
the solution of the boundary integral equation based on the Green function. The incident wave 
conditions are specified using a discrete form of the Mitsuyasu directional spectrum. Incident wave 
height is to be decreased in-and behind a pit region by depth discontinuity. It is observed that the wave 
energy is decreased when a submarine pit has been placed.  
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INTRODUCTION 
 
When a navigation channel is placed by dredging in the 
vicinity of a harbour entrance, wave height distribution 
inside a harbour under multidirectional random wave is 
put into consideration for planning the layout of facilities. 
The wave interaction by a depth discontinuity and the 
scattering at the mouth of the harbour caused by a long 
pit are important things to consider in the coastal and 
harbour engineering fields. The interaction of incident 
waves with a rectangular submarine trench have been 
studied from the 1960’s by Newman (1965); Miles (1967), 
and in the 1980’s by Lee and Ayer (1981); Kirby and 
Dalrymple (1983). However, in those studies the trench 
was assumed to be infinitely long and so, the problem 
was restricted to two-dimension. Later, Williams (1990); 
McDougal et al. (1996) presented numerical models 
based on the linearized shallow water wave theory in two 
horizontal directions for the cases of single and multiple 
pits, respectively. Takezawa et al. (2000) investigated 
diffractions for pit breakwater with various configurations, 
based on the Williams (1990)’ method, and presented 
wave  propagation   when   the   pit  was  dredged  at  the 
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entrance of a port which was changing the water depth 
and having refraction, diffraction, and partial-reflection. 
Briggs et al. (2001) performed experimental and field 
work at the entrance channel. For the random waves, 
Kirby (2000) suggested several techniques in Barbers 
Point Harbour, Hawaii. Reniers et al. (2000) developed 
computer program for long wave at the pit region.  Briggs 
et al. (2003) studied possibility assessment for deep draft 
channel design. Those studies were for a train of regular 
waves propagating over a single pit or multiple pits. The 
other hand, for the case of beach management dredged 
pit or channel used (Kennedy et al., 2010; Ravens and 
Jepsen, 2006; Work et al., 2004). 

The present study is about the interaction of waves, 
which are propagated over a pit with water depth 
discontinuity, and investigates these waves that instantly 
affect the inside of a harbour in a multidirectional random 
wave environment. The wave interaction is connected to 
three boundary problems which are as follows: the 
interaction of water depth discontinuity between pit 
boundaries, the interaction between water depth discon-
tinuity within pit and harbour boundaries, and the inte-
raction between pit boundaries and harbour boundaries. 
The problem is considered in a two dimensional plane, 
and the configuration of the submarine  pit  break -  water 



 
 
 
 

 
 
Figure 1. The layout of pit and harbour. 

 
 
 

in the sea bed is a single-long rectangular type. The 
numerical simulation is performed by using the solution of 
the boundary integral equation based on the Green 
function.  

The incident wave conditions are specified using a 
discrete form of the Mitsuyasu directional spectrum. For 
investigating the decreasing effects of diffracted wave 
fields in a harbour, two kinds of harbours (Kashima and 
Soma harbours) in Japan were selected. The present 
study can provide information to design the dredge line of 
a harbour entrance in real coastal construction. It is then 
possible to estimate the management cost of a harbour. 
Furthermore, multidirectional random wave model can be 
effectively utilized to forecast, with excellent accuracy, of 
the wave height in-and around the harbour. 
 
 
THEORETICAL REVIEW  
 
The detail of the theoretical background has been depicted in the 
paper of Kim (2007). The geometry of the problem is presented in 
Figure 1. The boundary regions are represented by 1S (pit 

boundary line) and 2S (harbour boundary line), respectively. The 
fluid is taken to be inviscid and incompressible, and the flow 
irrotational. It is then assumed that the fluid motion may be 
described in terms of velocity potential tiezyxtzyx ωφ −Φ= ),,(),,,( . 

This   potential   must   satisfy  Laplace’s  equation, 02 =Φ∇ . It  is 
subject to the usual boundary conditions  on  the  free  surface  and  
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seabed, and the solution of  velocity  potential  can  be  given  in the 
flowing forms. 
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where, a  is the incident wave amplitude, d  is the water depth 

within the pit, h  is the water depth of the fluid region (in- and 

around harbour) beyond the pit region, jf ( j =1, 2) is the wave 

function, subscript 1 represents the pit region, subscript 2 
represents the region without the pit, and the wave numbers 

jk ( j =1, 2) are defined by  
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Where, ω  is angular frequency and g  is the gravitational 
acceleration. The wave function can be described in the following 
form.  
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Where, if is the incident wave function, rf is the reflective wave 

function, and sf  is the scattered wave function. ),( yxf s should be 
satisfied by the Helmholtz equation.  
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Continuity of mass flux and pressure across the fluid interface 
between the interior pit region ( 1S ) and the exterior pit region and 

harbour region ( 2S ) requires the following conditions to be 
satisfied:  
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Finally, the scattered component of the fluid  potential  is  subjected 
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to a radiation or far-field boundary condition at large radial 
distances r , which may be written as  
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The boundary conditions at the 1S

 and 2S  can express the 
following:  
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(ii) With pit  
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Applying Green’s second identity to ),( yxf s with considering 

partial reflection ( rK ) and extending to full regions, boundary 
integral equations can be yielded as without pit (Equation. (15)) and 
with pit (Equation (16)), respectively.  
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where, ),( ηξ are the coordinates of the point on the boundary 

( 1S , 2S ) , ),( yx  are the coordinates of the arbitrary point in the 

Region 1 and 2, n  is the normal direction to S , )1(
0H  is the Hankel 

function  of  the  first  kind  of order zero, and  2)(2)(2 ηξ −+−= yxR . 

 
 
 
 
NUMERICAL PROCEDURES  
 
A computer program has been developed to implement the above 
theory for wave diffraction in harbours by submarine pit. The 
boundaries 1S and 2S  were divided by infinitesimal elements of M 
and N. Discretizing Equation (15) and (16), it can be written as 
 

[ ]� ++⋅−=
=

N

j
riijrijjjss ffBKBfyxf

1
)(),(),( ηξ         

i=1,2,…,N                                                                                     (17) 
 

[ ]−� ⋅+⋅−=
=

M

j
iijijjjss fAdhAfyxf

1
)ˆ(/),(),( ηξ

[ ]� +⋅⋅+⋅
+

+=

NM

Mj
riijrijjjs ffdhBKBf

1

ˆˆ(/),( ηξ
 

          
i=1,2,…M…M+N                                                                           (18) 
 
where,  
 

nk
f

f i
i ∂

∂=
2

, nk
f

f r
r ∂

∂=
2

, nk
f

f i
i ∂

∂=
1

ˆ
, nk

f
f r

r ∂
∂=
1

ˆ
                                                                         

                                                                                                     (19) 
 

jo
jS

oij SkrkHdskrkiHA ∆−=� �
�

�
�
�

�−=
∆

11
)1(

11
)1( )(

2
1

)(
2
1

                                       

(i � j)                                                                                             (20) 
 

i
i Ski

Sk ∆�
�

�
�
�

� −∆+−= 1
1

24
log15772.0

1 π
π

                                                 
(i = j) 
 

−=� �
�

�
�
�

�−
∂
∂=

∆
o

jS
oij kiHdsrkiH

n
A )1(

1
)1( (

2
1

)(
2
1

 

��
�

�
��
�

�
∆

−
−∆

−
⋅ j

ij
j

ij
o k

r
k

r
rkiH ξ

ηη
η

ξξ
111

)1( )(  
 

 

( ) iSSS ∆∆−∆= ηξ
π2
1

                                                                        
(i = j)  
 

jo
jS

oij SkrkHdskrkiHB ∆−=� �
�

�
�
�

�−=
∆

22
)1(

22
)1( )(

2
1

)(
2
1

                                        

(i � j )                                                                                            (22) 
 

i
i Ski

Sk ∆�
�

�
�
�

� −∆+−= 2
2

24
log15772.0

1 π
π

                                                    
(i = j) 
 

� �
�

�
�
�

�−
∂
∂=

∆ jS
oij dsrkiH

n
B 2

)1( )(
2
1

 

��
�

�
��
�

�
∆

−
−∆

−
⋅−= j

ij
j

ij
o k

r
k

r
rkiH ξ

ηη
η

ξξ
222

)1( )(
2
1

          (23) 



 
 
 
 

( ) iSSS ∆∆−∆= ηξ
π2
1

                                                                          
(i = j)  

 

)sincos(2
cossin θηθξθηθξ

jjik

j

jj
i e

S
f +−⋅

∆
∆−∆

=                    (24) 

 

)sincos(2
cossin θηθξθηθξ

jjik

j

jj
r e

S
f +−⋅

∆
∆−∆−

=                             (25) 

 

)sincos(1cossinˆ θηθξθηθξ jjik

j

jj
i e

S
f +−⋅

∆
∆−∆

=                           (26) 

 

)sincos(1cossinˆ θηθξθηθξ
jjik

j

jj

r e
S

f +−⋅
∆

∆−∆−
=                             (27) 

 
 
MULTIDIRECTIONAL RANDOM WAVE  
 
The regular wave diffraction solution stated above may be extended 
to a random wave environment using the superposition method. A 
general form of directional wave spectrum, ),( θfS , we have 

),()(),( θθ fGfSfS =  in which )( fS  is a unidirectional 

frequency spectrum and ),( θfG  is a wave directional spreading 
function. A modified Mitsuyasu spectrum (Mitsuyasu, 1970) is 
adopted for )( fS , is defined in the following form,  
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in which 3/1H  and 3/1T  are the significant wave height and 
period, respectively. The form for the wave directional spreading  
function ),( θfG  is due to  Mitsuyasu et al. (1975) and is derived 
from field data obtained from a clover-type buoy,  
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where, )(sΓ is the Gamma function and s is a wave directional 
concentration   parameter,   which   can   be   determined   from  
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in which fp is the wave peak frequency, given by fp =1/(1.05T1/3).  
Goda et al. (1985) gave the mean value of smax as 10 for wind 
waves (broad directional spread) and  75 for swells with a long 
decay distance (narrow directional spread). In numerical 
applications, the incident wave spectrum must be discretized into a 
finite number of wave components in order to obtain the diffracted 
wave spectrum. An adequate discretization in both frequency and 
direction is essential to obtain meaningful results. In the present 
work, the number of component frequencies will be denoted by N 
while the number of wave directions will be denoted by M. If the 
frequency range is discretized so that each frequency band has 
equal energy, then the central frequency fn in the nth section is 
given by  
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where, erf() is the error function. The frequency spectrum ),( fS D x  

of ),( tD xη can be expressed as   
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where, ),,( θfKd x  is the diffraction coefficient for a wave 

component of frequency nf , propagating in the direction θ . The 
significant wave heights for incident waves and diffracted waves are 
defined as (Goda, 1985). 
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Finally, in a random wave environment, a diffraction coefficient, K , 
may be computed using the following equation 
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RESULTS AND ANALYSIS  
 
A computer program has been developed to implement 
the above theory for random wave diffraction in a harbour 
by a long submarine pit. The present numerical model 
can   study   the   wave   height   distributions   inside  the 
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Figure 2. The location and layout of the selected harbour. 

 
 
 
harbours, which are Kashima and Soma harbour with pit 
or without pit, respectively. The conditions of calculation 
for Soma harbour are defined as wave period 

sTT 0.83/1 == , water depth inside harbour mh 13= , water 
depth within pit md 26= , incident wave angle 

�100== Rθθ , and 25max =s . The two kinds of pits are 
dredged at the entrance of the harbour, and one is 
horizontal direction with width mB 502 =  and 
length mL 4002 = , and the other is oblique direction with 
width mB 702 =  and length mL 3902 = , respectively. The 
conditions of calculation for Kashima harbour are defined 
as wave period sTT 0.103/1 == , water depth inside 
harbour mh 10= , water depth within pit md 20= , incident 
wave angle �85== Rθθ , and 25max =s . The pit is dredged 
at the entrance of the harbour with width mB 1102 =  and 
length mL 12002 = . Figure 2 shows the location and layout 
of the selected harbours. 
 
 
Validation of the numerical model 
 
Verification of this study is carried out by simulation 
regular wave diffraction in harbour with submarine pit. 
The harbour geometry and the layout of a submarine pit 
outside of harbour are show in Figure 3. Saito et al. 
(1993) carried out a series of hydraulic model tests to 
obtain the wave height distribution in this harbour without 
considering the effect of a submarine pit. Figure 3 shows 
a comparison of the results in four lines for the diffraction 
coefficient of regular waves obtained by the present 
numerical model and experimental data of Saito et al. 
(1993), in case of  the only left side revetment of harbour 
with partial reflection boundary. In a comparison of line  A 

- A’ and B - B’, the experimental value and present 
numerical value can be seen comparatively good 
agreement. In a comparison of line X - X’, the numerical 
value and the experimental value are good agreement 
beside at the vicinity of 6 and 8 m (x-coordinate). In a 
comparison of line Y - Y’, the experimental value and 
present numerical value can be seen satisfactory 
agreement beside at the 8 ~ 10 m (x-coordinate).   
 
 
Analysis of regular waves 
 
Figure 4 shows the results for the diffraction coefficient of 
regular waves in Soma harbour obtained by the present 
numerical model. For the case without the pit in Figure 4a, 
diffracted wave by breakwater occurs with wave 
superposition. Wave height is high and these high waves 
propagate into the harbour. For the case of offshore pit in 
Figure 4b, wave propagates over the pit and the 
reduction of wave height is shown. Again these waves 
propagate into the harbour and the wave height is 
reduced. As for this case, wave height reduction due to 
pit can be estimated to be 34 ~ 50%. For the case of 
entrance pit in Figure 4c, the wave height reduction at the 
entrance of the harbour is shown to be the largest. It 
means that this entrance pit can help ensure the safety of 
navigating a large ship.  

Figure 5 displays the three dimensional diffraction 
diagram for regular waves in Soma harbour. For the case 
without the pit in Figure 5a, when waves propagate and 
face the breakwater, the wave crest is high and it creates 
high wave heights inside the harbour. In the case of the 
entrance pit in Figure 5b, wave height inside the harbour 
is reduced by the discontinuity of water depth in the pit 
region. 

Figure 6 shows the results for the diffraction  coefficient 
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Figure 3. Comparison of diffraction coefficients in a harbor with partial-reflecting boundary. 
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Figure 4. The diffraction contour plots in Soma harbor for regular waves. 
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Figure 5. The three dimensional diffraction diagrams in Soma harbor for regular waves.
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Figure 6. The diffraction contour plots in Kashima harbor for regular waves. (a) Without pit (b) entrance pit. 

 
 
 
of regular waves in Kashima harbour obtained by the 
present numerical model. For the case without the pit in 
Figure 6(a), wave height is high and the wave crest is 
spiky at the front of the main breakwater. It makes high 
wave heights inside the harbour and causes high harbour 
oscillation.  

For the case of entrance pit in Figure 6(b), the reduced 
wave from the edge of the front of the breakwater pro-
pagates into the harbour. It makes low wave height inside 
the harbour and there is still and weak oscillation within 

the harbour. Figure 7 displays the three dimensional 
diffraction diagram for regular waves in Kashima harbour. 
By placing a pit the waves are reduced from offshore, 
and then this subdued wave energy propagates into the 
harbour. 
 
 
Analysis of random waves 
 
Figure 8 shows  results  for  the  diffraction  coefficient  of 
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Figure 7. The three dimensional diffraction diagrams in Kashima harbor for regular waves. 
 
 
 

 
 
Figure 8. The diffraction contour plots in Soma harbor for random waves. 
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Figure 9. The three dimensional diffraction diagrams in Soma harbor for random waves. 

 
 
 
random waves in Soma harbour obtained by the present 
numerical model. The random waves over the pit reduce 
wave energy and wave height is lower when there is a pit 
than where there is not a pit. The wave superposition is 
also reduced. And also the band width of low wave height 
behind the pit  is  distributed  as  a radial shape. It means  

that wave height is reduced at a broad range.  Figure 9 
display the three dimensional diffraction diagram for 
random waves in Soma harbour. Figure 10 shows results 
for the diffraction coefficient of random waves in Kashima 
harbour obtained by the present numerical model. Figure 
11 display  the  three dimensional diffraction  diagram  for  



 
 
 
 

Kim and Lee         1551 
 
 

 
 
Figure 10. The diffraction contour plots in Kashima harbor for random wave. 

 
 

 
 
Figure 11. The three dimensional diffraction diagrams in Kashima harbor for random waves. 

 
 
 
random waves in Kashima harbour. 
 
 
Conclusion  
 
The present study estimates the decreasing effects of 
diffracted wave fields in-and around selected harbours 
(Soma and Kashima harbours) including the region of the 
outer breakwater, when a navigation channel is 
dredgedat the vicinity of a harbour entrance. This study is 
about the composite interaction of the three problems:  pit 

boundaries, depth discontinuity of pit, and harbor 
boundaries. The boundary conditions are established for 
those problems and applied to the boundary integral 
equation.  

Results for the incident wave conditions have been 
presented to illustrate the wave height distribution inside 
the harbour and on the wave field by horizontal and 
oblique direction pit. The diffraction coefficients under the 
cases of regular waves and random waves are reduced 
first at the entrance of the harbor by a long pit, which 
controls the incident wave energy and affects it so  that  it  
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is then decreased when the wave propagates into the 
harbour.  It is noticed that the results from the present 
numerical model accurately provides the diffracted wave 
height inside the harbour under the random-wave 
condition, when the navigation channel is dredged at the 
entrance of harbour. Thus, this may be extended to apply 
with confidence in harbour planning and design applica-
tions. 
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